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Abstract: We extend the Spectral Construction, a technique 
used with great success to study and construct vector bundles 
on elliptically fibered varieties, to a special family of abelian sur- 
face fibered varieties. The results are motivated by requirements 
from Heterotic String Phenomenology where vector bundles with 
specified chern class are required to produce a realistic parti- 
cle spectrum. Although only certain (l,8)-polarized families of 
abelian surfaces are considered here we expect the main ideas to 
carry over to other families of abelian varieties with a uniform 
relative polarization type. 
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1 Introduction 

Two decades ago it was shown that a physically realistic string theory can be realized 
with a Calabi-Yau threefold as the compact portion of space-time [H]. On this 
Calabi-Yau a Heterotic String theory compactification is specified by giving a vector 
bundle with special properties determined by physics. In the last decade, many 
examples of Calabi-Yau manifolds have been produced, but until recently [7j there 
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were no examples of a Heterotic String with a phenomenologically correct particle 
spectrum. 

This paper examines a particular family of Calabi-Yaus and develops the theory of 
Fourier-Mukai transforms and the Spectral Construction to build vector bundles with 
specified chern characters. The Calabi-Yaus we examine are of intrinsic mathematical 
interest because of some extremizing properties, and also form promising candidates 
for physical reasons. 

In the companion paper [3] we explore the physical consequences of using the 
constructions described here. Unfortunately the main result is that under some mild 
restrictions we have a "no-go" result stating the the weak heterotic challenge can not 
be satisfied (see section [L2l) . 

1.1 Main Example 

The family of Calabi-Yaus considered here arise from explicit constructions of the 
moduli of (1, 8)-polarized abelian varieties with level structure, originally considered 
in some detail in [17]. Each Calabi-Yau in the family is an abelian surface fibration 

V ^ with a relative (1,8) polarization class, H. We will use quotients of by a 
freely acting group G as our target variety V on which we examine the moduli of 
vector bundles. In both cases the fibration is fiat but not smooth and the types of 
singular fibers we encounter are generic in boundary components of compactification 
of the moduli of (1, 8)-polarized abehan surfaces. 

Both V and V have a number of appealing characteristics that make them in- 
teresting to both Mathematicians and Physicists. The variety V has a fundamental 
group of order 64. Most of the known Calabi-Yau varieties are simply connected and 
those considered here have some of the largest known fundamental groups. Recently 

V was shown [16] to have the largest known Brauer Group of a Calabi-Yau threefold 
and it has been conjectured that V is the universal cover of its mirror |28j . 

For physics, large fundamental groups give more flexibility when breaking the 
grand unified group to the standard model group. This could represent a significant 
improvement on previous attempts There are families of Calabi-Yaus closely 
related to those considered here to which many of the methods used in this paper 
apply. Some of those examples are known to have non abelian fundamental groups 
and are discussed briefly in concluding remarks. 
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1.2 Physical Motivations: The Weak Heterotic Challenge 

The exploration of these famihes of Calabi-Yaus is motivated by problems in the 
compactification of a Heterotic String theory to four dimensions where bundles with 
particular characteristics are required. For an x Heterotic theory compactified 
to a four dimensional theory we need to satisfy the weak heterotic challenge [TTl [3]: 

• a Calabi-Yau threefold X with Kahler form uj 

• An i?8 bundle £ — > X whose structure group reduces to G 

• The centralizer of G in ^8 contains the standard model group SU (3) x SU (2) x 
f/(l) as a direct summand. 

In practice we will have G = SU{A) or SU{5) and we'll replace the principal bundle 
S by the associated vector bundle which we'll continue to refer to as S. We have: 

• rk{S) = 4 or 5. 

• S should be Mumford polystable with respect to u (Supersymmetry Preserva- 
tion) 

• ci{£) = 

• C2(Tx) — C2{S) = {class of effective curve} (Anomaly Cancellation) 

• c^i^S) = 6 (3 Generations Condition) 

These numerical requirements are quite rigid, and the search for bundles satisfy- 
ing the constraints typically requires detailed analysis of the particular threefold in 
question using the techniques described above. 

1.3 Outline of the Spectral Construction for Vector Bundles 

Using the above constraints we can calculate possible Chern characters of a desired 
bundle S. Then using our explicit calculation of the action of the Fourier-Mukai 
transform on cohomology we can calculate the chern characters of a sheaf AT such 
that the Fourier-Mukai of it gives a sheaf with the desired chern classes. 

In some cases J\f can be written as a line bundle supported on a smooth curve 
finite over the base. In those cases FM{Af) will be a vector bundle. Some properties 
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of the vector bundle are related to geometric properties of a the curve, in particular 
we are able to get conditions on the curve such the the resulting bundle is stable. 

This is the general outline of how we would like to proceed with the Spectral 
Construction. In the example consider here we are unable to make this construction 
or variations on it produce a bundle meeting the weak heterotic challenge and under 
mild hypothesis have shown that a vector bundle with the desired properties does 
not exist [3j. 
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2 The Geometry of Vg^y and V 

We review the known results about Vg^y and give some new results for V. The goal 
of this chapter is to provide a basic geometric understanding of our main example 
by calculating the relevant cohomology groups and intersection products. First we'll 
summarize the relevant details for our Calabi-Yau threefold V = Vgy. We closely 
follow the notation and exposition of [16] . More details can be found in [17] and [16] . 

2.1 A Relative (1,8) -Polarized Family of Abelian Surfaces: 

Write Vs^y for the (2, 2, 2, 2) complete intersection in P'' = [xq : . . . : xj] depending 
on a parameter y = [yi,y2, ys] G P'' given by 



yWsixl + xl) - yiixixj + X3X5) + (yf + yl)x2XQ = 0, 
yiVsixl + xl) - yi{x2Xo + X4X6) + (yf + y^xsxj = 0, 
yiVsixl + xl) - ?/i(x3Xi + X5X7) + {yj + yi)x4Xo = 0, 
yiVsixl + x\) - y\{x^X2 + xexo) + {y\ + yl)x^xx = 0. 



(2.1) 



There is an action of the Heisenberg group Hg generated by the elements a, r given 
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via an action on the homogeneous coordinates given by cr(xj) = Xi-i and r(xj) = 
^~^Xi where ^ is a primitive 8*^ root of unity and the indices on the coordinates 
should be read mod 8. 

The main results summarizing our description of V are the following ( [16] theo- 
rem 1.1 and Proposition 1.3) 

Theorem 2.1. Let y G be general. 

1. V^^y is a complete intersection singular at 64 ordinary double points. These 64 
points are the Hg orbit of y. 

2. There is a small resolution V^^y = V — > Vg^y and a fibration vr : V — > 
whose general fiber is an abelian surface A with a (1,8) polarization induced by 
its embedding in P'^ 

3. xiV) = and h^'\V) = h^'^{V) = 2. 

4. H'^{V,Z)/Tors is generated by the pullback of the hyperplane section, H and 
the class of the fiber of tt, A. H^(y,Z)/Tors is generated be the class of an 
exceptional curve e and the class of a line I in Vg^y disjoint from the singular 
locus. Since A.e = 1 any exceptional curve is a section ofn. The cohomology 
ring mod torsion is 

H.e = H.l = l A.l = A.e = 1 

= 16 H^A = 16 
H.A = 16/ = H^ = 16e + 16/ 

Proposition 2.2. For a general choice of y, it has eight singular fibers, and they 
are all translation scrolls. 

2.2 The Dual Fibration: V 

Given a smooth fiber A and an ample (1,8) polarization Hj^, we get a map (I)ha '■ 
A — > A, X ^ t*H H~^. By standard theory this map is an isogeny with kernel 
isomorphic to Zg x Zg. Denote the kernel by Ka{H). 

Proposition 2.3. The action of the kernel extends to the singular fibers yielding 
a global quotient V = V/K{H) that agrees on the smooth fibers with the standard 
isogeny A ^ A. 
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Proof. The action of Hg on is not free but its fixed points are disjoint from the 
locus defining Vg^y and hence acts freely there (see [Mj). Further, the action is such 
that on smooth A with ample line bundle it acts as translation by elements of the 
kernel K{H). By [21] Propositions 5.40 and 5.41 this action extends to the singular 
fibers. 

On a smooth fiber K{H) induces an isogeny A — > A permuting the 64 sections Cj, 
and on the singular fibers Tj it acts along the elliptic curve Ei forming the singular 
locus by translation by the points of order 8, this action moves each line I in the 
singular fiber in an orbit of 64 other lines in the fiber (See comments before Theorem 
1.4 in [IS]). Taking the quotient by this group action we get the dual fibration 
TV : V — > B. Let (pH V V denote the quotient map. □ 

Proposition 2.4. The hodge numbers ofV and V are the same and an integral basis 
for H*{V, Z) is H , A, e, E, [pt], where E is the class of a curve forming the singular 
locus of the singular fibers, and 8[E] = I. The relations between the classes on V and 



Proof. Since ttq^V) = 0, and G = Zg x Zg acts freely on V we can use the Leray-Serre 
spectral sequence ([30] Theorem 6.10.10) 



to calculate the cohomology of V. Using [30] Theorem 6.2.2 we can calculate that 



So the spectral sequence degenerates at E'f''^ with terms concentrated in the first 
column E^'P = -ff°(Zg x Zg, .^^(X, Q)) and we conclude that the dimension of the 
cohomology mod torsion is as desired. 

With the exception of the fact that (j)*jj{H) = 8H all puUback/pushforward results 
follow from the proof of 12.31 For = 8H we use the following. By general results 



V are. 



rAH) = 8H 

<PUe) = 64e 
= 64/ 
(PUE) = 81 
rnW) = 64[pt] 



(Ph*{H) = 8H 
(PhM) = 64A 
4>H*{e) = e 
0H*(O = 8^ 



El'" = HP{G,H'^{X,A)) 



HP+\X/G, A) 
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for Abelian varieties, the dual to a variety with polarization type (1, 8) is also of 
the same type ([5] Proposition 14.4.1). So the smooth fibers A of V are also of 
type (1,8), write for the polarization divisor restricted to a smooth fiber. Since 
is of type (1,8) we have that H^.H^ = 16. Write aH = (p^H and consider 
the pullback (pniH'l) = (t)*H{H ^) ^^{H ^) = a^H.H.A = on the other hand 

4)*jj{H'^^ = (f)*H{16[pt]) = 64(16) [pt] from which we see that a = 8 □ 
Corollary 2.5. The intersection product in H*(V, Z) mod torsion is 

H.e = H.i = 8pt H.E = Ipt A.e = Ipt A.l = 
H.H = 16e + 128E H.A = 16E A.A = 
= 128[pt] H'^.A = 16[pt] A^ = 

Proof. The proof is just a repeated application of the fact that for cohomology classes 
x,y we have (j)*j^{x.y) = (t)*^{x) .(t)*^{y) and the projection formula (pH*{x.(f)*j^y) = 
Mx).y . For example, [H].\l] = [H].(PhM = (PhMhIHUI]) = 0/^.([8/7]./]) = 8[pt]. 
The others are similar. □ 

Proposition 2.6. The cone of effective curves on V is given by a[e] + b[l] for a,h > 

Proof. For an effective curve c write [c] = —a[e] + b[l] for its class. Suppose a > 
and we have [c].[A] = -a. Consider the map if°(C(y4)) if°(C(y4)|c). We claim 
this map is not the zero map. To be the zero map we need that all global section of 
0{A) vanish along the curve c. That is to say that c is in the fixed locus of the linear 
system 1^41 . But 0{A) = TT*Opi{pt) so the fibers are all in the same linear system 
and there is no fixed locus. By contradiction the map H^{0{A)) — >■ H^{0{A)\c) 
is not the zero map. Since it is not the zero map, we have that H'^{0{A)\c) 7^ 
But (9(^4) |c is a line bundle of negative degree and thus has no global sections. We 
conclude that —a must be positive. 

For the case that 6 < we can make a similar argument once we note that H 
gives the morphism V ^ P"^ and so cannot have a fixed locus. □ 

Proposition 2.7. For k,l > 0, we have Hq = IH + kA is an ample divisor. 

Proof. By Kleimann's ampleness criteria we have that Hq is a ample divisor iff 

if>o = {C eNi{V)\C.Ho>0} 
D NE{V)\{0} 



7 



Where Ni{V) is the set of 1-cycles and NE{V) is the closure of the cone of effective 
curves. This is clearly satisfied by our Hq. □ 

Proposition 2.8. For Hq an ample divisor given above, D an effective divisor we 
have 

D.Wq.A^-' > 

for0<i<2. 

Proof. The case i = follows from the fact that = 0. For i = 1 note that as 
Hq is ample, D.Hq.A < implies that D.A is not the class of an effective curve 
so H°{OAiD\A)) = 0. But if the map H^{Ov{D)) H\Oa{D\a) given by the 
restiction map is zero for all A then H^{Ov{D)) = 0. The argument for i = 2 is 
similar. □ 

Note that the same proof would have worked for the classes on V . We end this 
section with a basic observation regarding the fundamental group of V . 

Proposition 2.9. V is the universal cover ofV and the fundamental group is given 
by 7ri(V) = Z8xZ8 



Proof. By the description of the action in l2.3l its a free action so by standard algebraic 
topology Tiiiy) = Tsy.T% □ 



3 FouRiER-MuKAi Transforms on Abelian Surface 

FiBRATIONS 

The goal of this chapter is to calculate explicitly the descent of the Fourier-Mukai 
transform to a map on cohomology for our abelian surface fibration. First we examine 
the singular fibers to get an extension of the multiplication map on the smooth fibers. 
We use the multiplication map to define a Poincare sheaf on the fiber product and 
hence a Fourier-Mukai transform. In the last section we calculate the Fourier-Mukai 
transform for a number of independent sheaves so that we can deduce the action on 
cohomology. We begin with a review of the extension of the multiplication maps in 
the case of curves as it gives the essential idea. 
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3.1 Review: Extension of Multiplication for the Nodal Cu- 
bic 

Before we proceed recall how this was done in the one dimensional case. Take to 
be a nodal cubic curve. By extension of multiplication mean a commutative diagram 



m 

R 



id 



N xN ^ N 

where m is defined as the regular multiphcation map on the open set C* x C* formed 
by removing the singular point of N and R is birational to N x N. 

Proposition 3.1. For the nodal cubic N there is an extension of the multiplication 
map. 

Proof. We start by resolving the nodal curves. We have the vertical maps in the 
diagram 

pi X P^ 

glue 



N xN ^ N 

Explicitly we can write m' as follows. Consider P^ x embedded in P^ as a 
quadric Q using the Segrc embedding [-Ujfjjsjt] i — > [us.ut.vs.vt] = [x.y.z.w]. 
We will define m' to be the projection from the line / = P^ given by the points 
[0, h, k, 0]. This will define a map outside of Q n / = {[0, 0, 1, 0], [0, 1, 0, 0]} to L ^ 
P-^ = {[Li, 0, 0, L2]}. The projection in the coordinates of P^ x P^ is ([M,t'][s,t]) 1— >• 
[ua,vb]. We note immediately that on the open set C* x C* — > C* this map is 
exactly the multiplication map on C* where C* ^ P-*^ as the set of points [u,v] 
with both u and v not equal to zero. Write for the point [0, 1] and 00 for [1,0]. 
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We have an extension of m' to the points m'(0, 0) = m'([0, 1], [0, 1]) = [0,1] and 
m'(oo, oo) = m'([l, 0], [1, 0]) = [1, 0]. 

Now we want to extend to the points in Q fl Z which are the image of (0, oo) = 
([0, 1], [1, 0]) and (oo,0) = ([1, 0], [0, 1]). Look at the closure of the inverse image 
of a point [Li,L2]. We have m'~^([Li, L2]) = {[^Li, |/, ^L2] |^ 7^ 0}. Intersecting 
with the quadric we have {L2X = Liw} fl {xw — yz = 0}, defining a family of (1, 1) 
conies on the quadric surface. This pencil has two fixed points at Q fl /. Near one 
of them, say [0, 1, 0, 0] we take the coordinates given by y 7^ have as defining 
equations{L2X = LiW,XW — Z} from which we can see explicitly the proceeding 
claim, that each inverse image set goes through the origin and is distinguished by its 
tangent slope. Further the family of conies degenerates at [Li, L2] = or 00 to the 
two lines in the ruling. 

Write ^ ^ X pi for the blowup of P^ x pi at the set {[0, 1, 0, 0], [0, 0, 1, 0]}. 
We get a map m : B ^ hj sending each point of the exceptional divisors to 
the unique point in P^ corresponding to the cubic passing through that point. We 
have a symmetrical situation at the other point [0, 0, 1, 0] so we can glue the two 
exceptional divisors of i?o,oo to each other. Further by gluing the strict transform of 
the two degeneracy loci x P^ U P^ x ~ 00 x P^ U P^ x 00 we get a hfting of the 

gluing map P^ x P^ — > N x N. This gives the commutative diagram 



R 



glue 




pi X P^ N XN 



giving the extension of the multiplication map. We can also see that R is just the 
blowup of the {singular point of N}x {singular point of N} in the product. □ 

Now consider a family of elliptic curves over a disk X ^ D degenerating to a 
nodal cubic over the origin. We want to extend the multiplication map 



m 



XxdX ^X 

In local coordinates the degeneration in the fiber product looks like {xy — t — uv} C 
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where t is a coordinate in D. The only singularity of the fiber product is at the 
point t = where we have the cone over the Quadric. There are two choices of small 
resolution corresponding to a small resolution formed by blowing up a plane in either 
ruling of the quadric. One of these choices will correspond to the extension of the 
multiplication map defined above ( It can be shown that the other corresponds to 
an extension of the division map). 

3.2 Extension of Multiplication for V 

We proceed in a similar fashion as in the previous case. The main difficulty in the 
case for surfaces is that the fiber product of our family with itself is singular along a 
surface, not at a point but is otherwise analogous. First we recall some facts about 
our singular fibers. 

The singular fibers of vr consist of eight translation scrolls, Tj. A translation 
scroll is defined by an elliptic curve E embedded as a curve of degree 8 in and a 
translation element p. 

Te,p={} <x,x + p> (3.1) 

Where < x, x + p > is the line in P spanned by the point x and x + p. 

A translation scroll is topologically equivalent to E x N where E is an elliptic 
curve and N is a nodal cubic. It is singular along the curve E. In our case, E P"^ 
is a curve of degree eight. The smooth locus is a Zariski open set that is a group 
scheme G (see [21]). The group G is given be the short exact sequence 

" C* G E " 

Write 5° "-^ 6 = P^ for the locus of tt with smooth fibers, F° = n-\B^). On 
this locus there is a well defined multiplication map m : x^^V^ — > V given by 
m(x, y) = X + y. This gives a rational map 

m 

V xbV 1/ 

We would like to extend this map to all of V x^V. 

Proposition 3.2. For a choice of small resolution V x^V — > V XbV the multi- 
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plication map extends to a map 



Proof. In what follows we will make use of the following commutative diagram where 
we define q and fh at an appropriate place. 




Consider the closure of the graph of the multiplication map 

Tm = {(^^1, 1^2, v) eV XbV XbV \ m{vi, V2) = v} 

which is a projective variety since it's a subvariety of VxbVxbV. By looking 
locally at the points where the multiplication map fails we will show that there is a 
small resolution of the product Vi x V2 V Xb V. Then since Vi x V2 C Tm we 
will have our projective extension of the multiplication map 

We describe the extension of the multiplication map in a discussion running par- 
allel to the case of the nodal cubic. To each translation scroll Tj with defining eUiptic 
curve Ep^ we have the projective bundle Si that is its normalization. Explicitly, to 
each point x of Ep- we associate the line in passing through x and the point x + p 
for some fixed p. Si is a sub projective bundle of the trivial bundle x Ep^. We 
will drop the subscript i for clarity. 

This bundle has two natural sections over Ep, the zero section cxo given by the 
intersection with E and the infinity section, a^o given by the other intersection point 
with the curve Ep. Call the images of these sections Co and Coo respectively. The 
map (S" — > T is given by gluing the point of Coo over the point x & Ep to the point 
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glue 



X -\- p. Viewing 5" C x with projections onto the first and second factors, the 
ghiing map is just projection on to the first factor S 
Look at the group G d S and the maps G x G 
map covering the inclusion of G into T 



G. This gives the rational 



m 



SxS 



^ ^ m „ 
T xT T 

We can extend this map to 5" x S\{Co x Coo, C^o x Cq} by taking m'{ao{x),s) = 
ao{x + n{s)), where n : S ^ E is the structure map of the projective bundle which 
corresponds to the group projection n : G ^ E. In a similar way we can define 
m'((7oo(x), s) = (7oo(x + n(s)). 

This leaves the sets Co x Coo and Coo x Co iii S x S where m' isn't defined. Taking 
the projection onto the base, we have the inverse image is the translated diagonal, 
i.e. in the following diagram 

SxS^ExE 



m 



m 



I 

S 



n 



E 



The inverse image of a point x E E is m^^{x) = {(e, f ) E E x E \ e + f = x} = 
{{e,x — e) G Ex E}. Locally on the base then, we can look at the inverse image and 
see that we have a line crossed with the inverse image from the nodal case. Taking 
the blowup along Co x Coo and Coo x Co we get get R ^ S x S and a morphism 
m" : i? — > 5". Gluing the two exceptional loci and the strict transform in R of the 
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points (Jo (a;) x S with croo(a; + p) x 5 we get a variety R filling the diagram 




We need to place the above analysis in the context of our fibration. Looking in 
the fiber product we can describe the singularity as follows. Take t to be a coordinate 
on R, Si a coordinate along Ep^ the elliptic curve forming the singular locus of the 
singular fiber. Near the singular fiber we describe Vi as a subset of given by 
{{xi,yi, Si,t) I XiHi = t}. Doing similarly for V2 we get our local description of the 
fiber product near the singularity as 

{((xi, yi, si), (x2, y2, S2), t) C C'^ I xiyi = t = X2I/2} 

We see that the fiber at t = has as it's singular locus the cone Xiyi = X2y2 in 
at every point of the plane (si,S2). Just as in the nodal case there are two 
choices of small resolution corresponding to the two rulings of the quadric. The 
global projective resolution given by the graph makes a choice of one of these. 

Taking the blowup along a smooth divisor containing the plane of singularities 
(si,S2) we get the small resolution Vi x ^ V2. The exceptional locus of the small 
resolution of the cone is a P^, so in this case we get a projective bundle over the 
plane (si, S2) locally, and globally a bundle on Ep^ x Ep^. □ 



4 Some Details On The Singular Fibers T, 

We make some elementary remarks based on our description of T and the extension 
of the multiplication map. 

Proposition 4.1. The pullback of 0{H) to S is Os{l) ®p*OE{^pt.) and the coho- 
mology is given by 

H%S, H) = 8, H\S, H) = H\S, H) = 
Proof. Recall the standard results (see [1] Proposition III. 18) that 
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Pic{S) = p*Pic{Ep) © ZCo 



{S, Z) = ZCo © ZF. 



Consider Write H = aCo+bl, then since n*H.n*E = n*H.2Co = n*{H.E) = 
n*{8[pt]) = 8 we conclude that H.Cq = 4. Also, n*H.n*l = n*H.F = n*{H.l) = 
n*{l[pt]) = 1. Hence we get H = Cq + AF. For the cohomology we know that 
H^(Si^n*H) = 8 since it is the polarization given the map S CP'^. Look at the 
Leray spectral sequence for a fibration with i^f'' = Hp{E, R^tt^H) H^^'^{S, H). 
Since n*H.F = 1 we have by the base change and cohomology theorem that for each 
fiber over a point y e E, {R^TT,H)y = H^{P^,Opi{l)) = 0. So in particular the 
spectral sequence degenerates and we get H''{S, H) = H\E, tt^,!!). We can conclude 
immediately that H'^{S, H) = since £^ is a curve. To calculate that H^{S, if) = we 
consider the Riemann-Roch formula x{H) = deg{ch{H) .td{S))2- By standard results 
(see jl] chapter 3) we have that td{S) = I + Cq, further ch{H) = l + {Co + 4:F) + A[pt] 
so x{H) = 8 and we conclude that H^{S, H) = 0. □ 

Proposition 4.2. The n-fold multiplication map m : T x ... x T ^ T is defined on 
all tuples {y, ai, a„_i) where y is any point of T and ai, a„_i are smooth points. 

Proof. This follows from the construction and our first extension of m to the the 
points in X S" that are not in the locus Cq x Coo and Coo x Co- CH 

Corollary 4.3. For line bundles C on T and smooth points a,b & T we have 



Where ta = m{a, _) 

Proof. This follows the proof given in [22j Chapter 9 and is a standard result for 
Abelian varieties. In particular on the triple product T x T x T for points {y, a, b) 
with a ,b smooth points we have the three projection maps tTj and the pairwise 
multiplication maps rriij. Take m:TxTxT—s>T to be the triple multiplication 
on points of the form {y, a, b). Then we have 



Pulling this back via the map T ^ T x T x T, y {y,a,b) we get our result □ 



t:^,c(^c = t:c(^tic 



(4.1) 
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In the following we explicitly see that the space of rank 1 torsion free sheaves on 
Tj is identified with another translation scroll Tj. 

5 The Poincare Sheaf on V xbV 

Consider the sheaf on x ^ given by 

Where m, q are defined in the previous section. We want the Poincare sheaf on 
V XbV to he the pullback of Q, i.e 

Q = {idx <P*h)V 

We show that such a sheaf exists by showing that Q is K{H) equivariant and descends 
to the quotient. 

Lemma 5.1. The action of the kernel of (pn, K{H) on the fiber product V x^V 
via id X K{H) extends to an action on the small resolution. Further it leaves H 
invariant. 

Proof. Elements of K{H) act via translation by elements of order 8 in the elliptic 
curve, permuting the fibers, and permuting the 64 sections Cj. This action extends to 
the singular set of V x ^ just acting as id x {pts. of order 8}. The automorphism 
of the base lifts to an automorphism of the total space of the resolution of E x E, 
furthermore the action of K{H) is induced by a linear automorphism of and thus 
fixes 0{H). □ 

Proposition 5.2. The relative Poincare sheaf, V, defined above restricts on the 
smooth fibers to be the usual Poincare sheaf on A x A. Further, it is trivial when 
restricted to a x V and V x a 

Proof. To define V we need to check that Q = qt,m*H ® PiH^^ ® P2H~^ descends 
to the desired bundle on V x^V. We follow the steps in [21] pg 79 and check that 
the argument extends to our family. First we check the action of individual elements 
k G K{H) lifts to an automorphism, tpa of H, and then argue that there exists a 
choice of such lifts such that ipk'4'k' = 4'k+k'- On the smooth fibers K{H) acts sheaves 
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via puUback by translation by fc, and by 14.21 we can write the same on the singular 
fibers. 

tlo,k)Q = tl,^,^{{q.m*H)®plH~'®plH-^) 

= iq^m%H)^plH''®p;tlH-' 
= {q^ni*H) ® pIH'^ ® P^H'^ 

Where we used the previous lemma that the action of the kernel fixes H. So for each 
element Cj of the kernel there is an automorphism ip^. of the line bundle covering 
the action V. We now need to argue that there is a choice of such automorphisms 
satisfying ipkipk' = i^k+k'- Note that every ip^i can be changed by an element of C* 
and still cover the action of K{H). 
There is an isomorphism 

QleXsV = iq*m*H)\exBV ®P*lH~'^\exBV '^P*2H~'^\exBV 

= o 

We write the total space of (9 — >■ e x as C x l^. Then we require the lifted automor- 
phism of the action to restrict to the product isomorphism (c, x) i — > (c, tk{x)), where 
c is in the fiber and x along the base. Then on the restriction we have ipk'4^k' = ipk+k' 
and since the ip's are determined up to scalar multiplication, the t/^'s obey this rule 
on all of \^ x^ V^. 

Checking the criteria for the smooth fibers, if a = (t){x) 

VIaxS — <Ph'P\axx 

^ {{q,m*H) pIH-' pIH-^)\ax. 
^ i{tlH)(E)OA®H-') 
= O^. 

□ 
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6 The Fourier- Mukai Transform 



For any two varieties X ^ B and Y B the relative Fourier- Mukai transform is a 
functor from the derived category of X to the derived category of Y given as 

Sq : D{X) D{Y) 

Where the kernel Q is an object in the derived category oi X XbY , pi and p2 are 
the first and second projections respectively. In the following a sheaf always refers 
to an object in the derived category concentrated in a single degree. 

We have the Poincare bundle V on V Xb V constructed previously with the 
property that 

{idA X (PhTV = {q,m*H) ®p\H-'^ ®pIH-^ = Q 

We wish to calculate the Fourier Mukai transform by finding a functor F : 
D{y) — > D{y) such that the following diagram commutes 

DiV) D{V) 




Where D(V)^''^^ is the derived category with the K[H) equivariant action which 
we get by tensoring with Q. 

Proposition 6.1. The above diagram commutes with F — (f)H*, the equivariant push 
forward. Further F o Sq — S-p is an equivalence of categories 

Proof. Clear from the definitions. □ 

We will use the above diagram to calculate S-p by calculating Sq and taking the 
equivariant portion of the bundle. 
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7 The Action of the Fourier- Mukai Transform on 

cohomology 



We use the fact that the Fourier-Mukai transform descends to a hnear map on the 
chern characters of sheaves in the cohomology rings of X and Y, s-p : H*{V, Q) — > 
H*{V,Q) . Since the cohomology of V and V have rank 6 (over Q) if we calculate 
the cohomology of 6 independent sheaves we'll be able to reconstruct sp as a 6 x 6 
matrix. 



1. Oa: 

Writing i : A V we have that = Opt[—2] by standard results for 

the Fourier-Mukai transform of the Poincare sheaf on an abelian surface. We 
use Grothendieck-Riemann-Roch to calculate the chern characters 

ch{i,OA) = i4ch{OA).td{NA/v)~^) 
= ^*((1)-(1)) 

= [A] 

Where we used that Na/v is trivial. 

2. a: 

Write a : B where cr{B) — e, and consider any sheaf TZ supported on S = 
P^. Then Sq((t*7?.) = R'p2*p*ia^TZ ® Q. But p\aiJZ has support along cr Xs 



in Vi Xs V2, over this locus, Q 
By the commutative diagram 

(7i Xb V2 



Pi 



OaxgV, so we have SQ{ai*TZ) ^ p2*Pi{cFi*'R). 



P2 



V2 



TT 



B 



Wc get SQ(o-*7^) = 7^*7^. Take R = 0„ to get the result. 

To calculate the map on chern characters again we us Grothendieck-Riemann- 
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Roch 



ch{a^Oe) -- 

Where we again used that Ng/v 

3. Opt-. 

4. OAiH): 
We have 

= R'p2*{pi*H ®m*H ®p\H-^ ®pIH-^) 

= R'p2^m*H0H-^ 

So we need to look at Rp2*m*H. To distinguish the first and second factors 
we write 

Ai X A2 *■ A 

P2 
A2 

Fix a point y & A2 and look at the fiber over y. As the fibers of p2 are two 
dimensional we have that R^p2m*H = for i > 3. For i — 2 by the Base 
Change and Cohomology theorem we have that the fibers of R?p2*m*H are 
isomorphic to H"^ {Ai^y , rrf H\y) = H'^{Ai^y,t*H). By Kodaira vanishing we 
have H'^{A,t*H) = for all y so R^p2*m*H = . In a similar fashion we get 
R^P2i,m*H = 0. We are left with R^p2i,m*H , which we will denote by p2i,m*H. 
By the Cohomology and Base Change theorem again we get that that p2*m*H 



= a,{ch{0,).td{N,/v)-^) 

-- (7.(1.(1 + [pi])) 

= a(-i) e a(-i) 
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is a rank 8 vector bundle on A as dim{H^{Ai^y, t*H)) = 8 

For each fiber of this bundle, t*H) we have an isomorphism with a chosen 

fiber H^{Ay^o,H) given by translation tyM^{A,H) ^ H^{Ai^y,t*yH) which is 
just translation of sections. Hence p2*m*H is trivial and canonically isomorphic 
to H^{A,H) and we get a global triviahzation. We conclude ^q{Oa{H)) — 
H^{A,H)^H-'^ 

We calculate the chern characters of Oa{H) and H^{A, H) ® H~^. The chern 
polynomial of Oa{H) is Ct{OA{H)) = 1 + i*Ht from which we calculate the 
chern character to be c/i(C//(A)) = 1 + i*H + \i*H.i*H. As Na/v is trivial 
td{NA/v — td{N A/v)~^ — 1- So by Grothendieck-Riemann-Roch 

ch{i,OA{H)) = i,{ch{OA{H).td{NA/v)~') 
= u{l + i*H + h*H.i*H) 

= \A\-r\E.A\^\pi-iiA 

= [A] + 16[l] + 8[pt] 

The chern polynomial of //°(^, //) ® ii'-i ^ e^LiOAl-^^) is 

ct = {l-t*H)' 

= l-8[ri/] + 28[ri/].[i*i/] 

Which gives chern character 

ch{H\A,H)®H-^) = rA; + ci + ^(c2-2c2) + ... 

= 8-8[riJ] + ^(64[rif]2-56[fif]2) 
= 8-8[i*i/] + 4[rii"]2 

Using Grothendieck-Riemann-Roch, the fact that Naiv is trivial, and the pro- 
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jection formula we have 



ch{i,H\A,H)®H-^] 



%[A]-^[H.A]+A[H.H.A] 
8[A] - 128[/] +64[pt] 



Remark 7.1. For the last two sheaves we unfortunately have only partial results. The 
main difficulty lies in figuring out exactly what m*H looks like on the singular fibers. 
For the methods used in this paper these results will not actually matter. When we 
construct the matrix, s-p, representing the Fourier-Mukai transform will will only 
need the results from the last three columns representing those classes which have 
support codimension 2 or greater in V and we've already determined these results 
in the calculations above. As we will see, this simplification results from our using a 
spectral curve, i.e. a line bundle supported on curve in V rather than a more general 
spectral sheaf with support on surfaces (or even the entire threefold). 

5. Ov: 

We need to calculate B}p2*^ = R^P2*Q- First note that Rp2*Q = for i > 3 as 
the fiber dimension is 2. By [18] Theorem 12.11 R^p2*Q has fibers isomorphic 
to H'^{Va, Qa)- Choose a point h E B and look at the fibers over B. For the 
case of the smooth fibers we have the fiber of Q over a G Ai is 

QUa, = im*H®plH-'p;H-')\a^A 
= {m*H®p\H~^)\a^A 



By a standard result for abelian varieties H^{A, To) = for any non trivial line 
bundle in Pic^{A). Observe that t*H®H^^ is precisely the map (pn '■ A — > A 
and so is trivial for a G K{H) = Zg x Zg. So we see that on the smooth locus 
of 71, R^p2*Q has support on the 64 sections of vr, Cj. By upper-semicontinuity 
the support is the entire Cj, but may contain more components in the singular 
fibers. 

We consider nonsingular and singular points in T taking first ?/ G T a nonsin- 
gular point. The the fiber over y is just a copy of T labeled by Ty. Recall 
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that from the definition of the multiphcation map it's defined for all pair {x, y) 
where x is any point of T and y is a smooth point. Hence we can write by 
Proposition 14.21 



t;H(8)0(g)H 
t*H ® H-^ 



By the base change and cohomology theory we have fiber wise isomorphisms 
{R^P2*Q)\Ty = H^iTy, t*yH (g) H-^). We expect that since t*yH ® is a rank 
1 torsion free sheaf on T we have that W{T,t*H ® H^^) = unless t*H0H^^ 
is trivial. 

If what we expect is true then on since the fiber dimension is constant we 
have a line bundle on each e,. Observe that Q restricted to any section is trivial 
since {m*H (g) p\H~'^ ® plH~^)\vxe, = H ® H (® O = Oe- So we have over the 



Where in the third step we used relative duality (see [T9]). 

We would like to claim that B}p2*Q = by regularity for the Poincare sheaf. 
This holds for the smooth fibers but we were unable to show it for the singular 
fibers. R^P2*Q = since otherwise we would have a torsion section of Q and 
there aren't any. 

Calculating the chern classes for the our expected Fourier- Mukai we get. 



Where we used that since e is the class of an exceptional curve that is the 



a(-2) 



ch{ai,OB{-2)) 



(rUch{OB{-2).td{NB/vr) 
aU{l-2[pt]).{l + [pt])) 

[e] - [pt] 
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blowup of the cone in it has normal bundle N^/v = Oe(-l) © C'e(-l) 

6. OviH): 
Calculating 

= R'p2*{q*m*H ^p2*H~^) 

= R\p2,qM*H)®H~^ 

So we need to calculate {p2*q*m* H) . From the calculation of Oa{H) we know 
that restricted to the smooth fibers we have this {p2*q*fh*H) = H^{A, H) which 
we can think of as the sheaf 'n'*7T^H restricted to A. We expect therefore that 
{p2*q*m*H) = ■K*v:^H 

The total chern class for Ov{H) is Ct{Ov{H)) = 1 + [H] so the chern characters 
are given by 

ch{Oy{H)) = l + [H] + l[Hr+^-[Hr 

= l + [H] + 8[e]+8[l] + ^[pt] 
We calculate the chern character. 
ch{n*n,OA{H)®Ovi-H)) = rA; + Ci + ^(c^ - 2C2) + ^(c? - 3ciC2 + 803) 

= 8-8[H]+A[H]'-^[pt] 

64 

= 8-8[if] + 64[e]+64[/]-— [pt]. 
We summarize the results in the following tabled 



The last two rows of both tables are our expected results. See Remark 1 7. II 
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Table 1: Summary Of Fourier-Mukai On A Basis Of Sheaves 





ch{T) 






Oa 


[A] 




MOpt 




[e] + [pt] 


Ov 


[V] 




[Pt] 


Oa 


[A] 


Oa{H) 


[A] + 16[/] +8[pt] 


H°{A, H)®H-^ 


8[A] - 128H +64[j9f] 


Ov 


[V] 


®tl<^^*OB 


64[e] - 64[pt] 


Ov{H) 


[V] + [H] + 8[e] + 8[l] + ^[pt] 


{■K*TT,Ov{H)) ® H-^ 


8[V] -8[H]+ 64 [e] + - ^[pt] 



T 






Oa 


Opt 


[pt] 






[V] 




Oa 


[A] 


Oa{H) 




8[A] - 16[E] + [pt] 


Ov 


a.Os 


[e] - [pt] 


OviH) 




8[V]-[H] + [e]+8[E]-\[pt] 



From which we can calculate the map s : H*(V,Q) — > H*(V,<Q) on the chern 
characters. In the basis of V and V given by UV], [H], [A], [e], [I], [pt]} and 
{[V], [H], [A], [e], [E], [pt]} respectively we havf] 



Proposition 7.2. 



The map induced on cohomology s-p : H*(y, Q) 
-?/*(V,Q) are given by the matrices 



H*{V,Q) and 



( 



s-p 






1 




V 





-1 

16/3 


16 
2/3 



1 


-1 











-1 





o\ 



1 




0/ 



( ° 








1 





o\ 





-1 

















2/3 





1 





1 


1 




















-16 








-1 





V 1 


16/3 


1 








0/ 



^The first two columns of s-p are the expected result. In what follows only the last four columns 
are relevant to our calculation. See Remark 1 7. II 
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8 Stability of Bundles and Spectral Curves 



Although we will not be able to completely classify which bundles are stable we 
can offer some numerical conditions on when stability is guaranteed. The proof is 
essentially the same as for elliptic surfaces and we follow [13]. First we establish 
some definitions and basic correspondences between certain sub-bundles of E and 
their spectral covers. 

Consider a spectral curve C '-^V with a line bundle L supported on C . Associ- 
ated to this data via the Fourier-Mukai transform is a vector bundle E or rank r on 
the dual fibration. Write Cr' for the spectral curve associate with E. 

Definition 8.1. We will say that the spectral data, r' —irreducible (resp. r'— reducible) 
if Cr' is irreducible (resp. reducible) and is absolutely irreducible (resp. reducible) if 
Cr' is irreducible (reducible) for all < r' < r. 

Proposition 8.2. Let be a rank 1 torsion free sheaf on V with ci{!F).A = and 
E a rank r > 1 bundle whose restriction to a generic fiber is flat semi-stable. Then 
if there exists a map ^ —>■ E the spectral cover associated to E is reducible. 

Proof. We can write = Iz ® Oa where Z cV is a sub-scheme of codimension > 2 
and Oa is in Pic^{V). 

Restricted to a generic fiber A the ideal sheave Iz has codimension two, since if 
were a curve generically then Z would be a surface. Hence we can take Iz\a to be 
a collection of points 0-dimensional sub-schemes {zi, ...Zk}- On A consider the short 
exact sequence 

— ^0^®lz — >0.f — > ©C, — ^ 
Taking the Fourier-Mukai transform we get the long exact sequence 

^ S\0^ ® Iz) — S\0^) — ► 5°(©C,J ^ 

^ S\0., ® Iz) — S\0^) — ^ S\®C,J ^ 

S\0^ ® Iz) — S\0^) — ► S'(©C,J " 
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But knowing the Fourier-Mukai transform of the first two terms we can write 
► S\0^ ® Iz) " " ©C„, 

^ S\0^ ® Iz) 

► S^{0^ ® Iz) ► 

From which we conclude that S^{0^ ® Iz) = 0, S\0^ ® Iz) = ©C«,, and S^{0^ ® 
Iz) = C^. 

Now consider the case where we have the short exact sequence 

— ^0^®lz — >£ — > Q — >0 

On a generic fiber we have £\a = © ... © Oa^. Since we have a nonzero map 
® Iz ^ © ... © Oa^ we know that 7 = a, for at least some i. Moreover by 

suitable generic choices we can assume that O^. 7^ O^^ for i =^ j. 

From the above short exact sequence we get the long exact sequence whose last 

terms are 

" ^ C,, © ... © " S\Q) ► 

But this is happens over a Zariski open set of the base and hence the spectral curve 
associate to £ has a component associated to ® Iz- CH 

Proposition 8.3. // there is a sheaf such that T ^ £ injective and on a generic 
fiber A, ^d{^) = (i.e. ci{T).A.D = Q), then £ is r' -reducible, where r' = rk{J^). 

Proof. The case where rk(jF) = 1 follows from proposition 18.21 above. For the case 
rk(.7-') = r' < r reduce to the rank 1 case by considering A'^'jF □ 

Theorem 8.4. Let £ be given as the Fourier-Mukai transform of a line bundle sup- 
ported on a curve such that £ is absolutely irreducible (see definition \8.1\ and let Hq 
be a fixed ample Divisor. Write = Hq -\- kA. Then for k >> we have that £ is 
stable with respect D. 

Proof. Let JF be a subsheaf of £ with the < rank(jF) < £. Then since J-' generically 
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injective we have T\a injective into E\a and since the later is semistable we have that. 

From which we get that D.C\{T).A < and Ci(^) is not an effective divisor. By 
absolute irreducibility we have a strict inequality and we note that — 
^rk(^)^ strictly negative number bounded above by We'll need the following 
lemma: 

Lemma 8.5. There is a constant a, depending only on £, Hq and A such that 

rank{J-') ~ 

for all subsheaves T <Z E and i = 0, 1, 2. 

Proof. For i = the above expression is bounded by since A"^ = 0. 
For i — 0,1 consider the following. There is a filtration of £ 

C £:o C ... C Sn-i = £ 



such that successive quotients arc torsion free rank 1. Hence the successive quotients 
are of the form Lj®/^. here L is a line bundle and Iz is an ideal sheaf of a codimcnsion 
2 (or greater) subscheme of V. 

First we consider the case that rank(J^) = 1. Since — > — > £^ we have that for 
some i there is a nonzero map .F — > Li<S)Iz, hence we can write !F as Li®0{—K)®lx 
for some effective divisor K and subscheme X of codimension 2 or greater. Then 

and we get a bound independent of !F. 

Consider now the case that rank(.7-') = r. Then det{J-) — h^T and we have a 
nonzero map SJ'T N^£. We proceed as in the previous case by consider a filtration 
of f\^£ such that the quotients are again rank 1 sheaves. □ 
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Continuing with the main theorem with have that by the previous lemma 



rk(J^) 

ci{J^).iHo + kA).{Ho + kA) 



< a- 



rk(J^) 

2k 



n — 1 

Recalhng that Ci{V) is supported just on the fibers A we have that 



ik{£) 
ci{S).{Hl + kH.A) 



n 

2 



n 

< a 

Hence for some sufficiently large k we have 

for all choices of subsheaves JF. Hence S is slope stable. □ 



9 Future Directions 

There are several related families of abelian surface fibered Calabi-Yaus to which 
the techniques and results developed here can be applied providing a rich bestiary of 
examples. One can look at intermediate quotients by taking quotients of subgroups 
of Zg X Zg. In [17] they describe another family of (1,8) polarized abelian surfaces 
related to ours by fiopping the small resolution (called Vgy in that paper). This 
fiop has second abelian surface fibration whose fibers carry either (2,8) or a (4,4) 
polarization. Further In [6j they describe non-commutative groups of order 64 acting 
on V giving quotients with non-abelian fundamental groups. One can attempt to 
build bundles on these as well as intermediate quotients. 

There are additional families of abelian surface fibrations arising in a manner 
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similar to how Vs,^ is defined pT|. In particular there are (1,6), (1,7) and (1,5) 
polarized abelian surface fibrations with Heisenberg groups acting to give interesting 
quotient varieties. One could hope that bundles could be built on these directly 
using the spectral construction without the need to take elementary transformations 
(which cause the main difficulty in the cases we examine here). 

10 Some Facts Regarding Abelian Surfaces 

In this appendix we include some small results that are used in the main part of the 
discussion. First we prove some well known result for abelian surfaces. In the second 
section we give some simple results for sheaves on algebraic varieties. 

10.1 Some Facts Regarding Abelian Surfaces 

We collect in this Appendix some facts on abelian surfaces. These results were 
primarily used in the analysis that went into the companion paper |3]. All of these 
facts are probably well known. Our primary references are [23] and [5]. 

Proposition 10.1. The SL{2, Z) action on A = E x E given by 

E X E — ^ E X E 
{x, y) I — > {ax + cy, hx + dy) 

acts transitively on the generators of the effective cone of A. 

Proof. For a, h relatively prime we have the slope map ^ : E ^ E x E taking 
X {ax,bx). Write Ea^b for the image of this map. We want to describe Ea^b as 
a linear combination of E,E, and A. Write Cj, i = 1,...,4 a basis of the lattice 
^ C^. Where ei, 62 span the lattice of the first factor of A = E x E and 63, 64 
the second factor. In this basis we can represent E, F and A as 

E = d A 62 F = 63 A 64 A = (d + 63) A (62 + 64) 
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Now, = {{ax, bx)} and lifting to we can describe it as the plane spanned by 



Ai 




b 



a 

b 



where Ai and A2 are in the lattice. So Ea^j, is represented by 

Ai A A2 = (cf,ei + 663) A (ae2 + 663) 

= a^ei A 62 + ab{ei A 64 + 63 A 62) + 6^63 A 64 



So if Ea,;, = + yF + xA we get 

Ea,b-F — 



b^ 
^2 



= y + z 

— X + z 
(a — 6)^ — x + y. 

Solving this linear system we find Ea,b — a{a — b)E + 6(6 — a)F + a6A. But Ea,b is 
just the image of E, the first factor in E x E under our 5'L(2, Z) action. Making a 
similar calculation for F and A we find that the action can be written as 



a{a — b) c{c — d) 
b{b — a) d{d — c) 
ab cd 



{a + c){a + c — b — d) 
{b + d){b + d -a-c) 
{a + c){b + d) 



Now we want to write down the generators of the effective cone and check that the 
action is transitive. Recall that the effective cone generators is the shortest vectors 
vectors {l,m,n) e such that Im + In + mn = These are in 1-1 correspondence 
with the rational points of the conic {xy + xz + yz = 0} C P^. Looking at the z 
patch we have {{X,Y)\XY + X + Y ^ 0} ^ C. Consider the line through (0, 0) e C 
with rational slope, Y — tX. It intersects C at one other point given by substituting 
tX for Y in the above equation. We find X = or X = — (1 + |) Using the equation 
for C we F = i + 1. This gives a parameterization of the rational points in as 

{[(-(1 + 1) : -(t + 1)) : 1] I t e Q\0} U{[1 : : 0], [0 : 1 : 0]} 



Where [1:0:0] and [0:1:0] are the images of E and F respectively. 
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The orbit of E is given by Ea,b = o,{a — h)E + h{h — a)F + afeA. Assuming ab 
this corresponds to a point of the form [a{a — b) : b{b — a) : ab] — [f — 1 : ^ — 1 : 1] 
and taking | = — | we get precisely the rational points of C. Furthermore taking 
6 = 1, a = we find Eq i — F. Hence the entire effective cone is in the orbit of E. □ 

Lemma 10.2. Let A be an abelian surface. Then if D and H are effective divisors 
such that D.D — d and H.H — h then 

D.H > Vdh (10.1) 

Proof. First recall that for an abelian surface if D is effective then D'^ > 0. By the 
Hodge Index theorem the intersection form is lorentzian, i.e. there is a choice of 
basis so that the intersection form is of the form diag{l, —1, —1). But for vectors 
vectors of positive norm in a lorentzian metric there is a reverse Schwarz inequality, 
namely 

{H.Df > {H.H){D.D). 

The result follows immediatly. 

□ 

Lemma 10.3. For a fiat bundle S and line bundle Q on an abelian surface A. Then 
a necessary condition for Hom{S, Q) ^ is that H'^{Q (8) Oa) 7^ some O^. 

Proof. Write S = Sj^''^ where Sj^'''' is a k{j) level extension of Oa, i-e. there is a 
sequence of extensions (up to tensoring with some fiat line bundle) 

— >o — >s^ — > s^-^ — > 
— >o — > s^-^ — > s^-^ — > 

— >0 — >Sj — >0 — ^0 

Now the obvious induction argument will show that Hom{S, Q) ^ ii and only if 
Hom{0, Q) (again up to tensoring with some O^- □ 
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